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Surface subgroups and handlebody attachment 

Vivien R Easson 

The main theorem of this paper generalizes recent results in Dehn surgery to 
the case of handlebody attachment. We consider attaching handlebodies and 
solid tori to the boundary of an irreducible, boundary-irreducible, atoroidal and 
acylindrical 3-manifold. We show that for a large class of homeomorphisms 
attaching these handlebodies, the fundamental group of the resulting manifold 
contains the fundamental group of a closed surface of genus at least two. 

57N10; 57M50, 57N35, 20H10 



1 Introduction 

In this paper, we discuss a particular generalization of the technique of Dehn surgery 
for hyperbolic 3-manifolds, which we call handlebody attachment. We consider a 
simple 3-manifold M (not Br' ) with non-empty boundary, where simple means compact, 
irreducible, 9-irreducible, atoroidal and acylindrical. 

As a consequence of the proof of Thurston's geometrization of Haken manifolds, we 
can give M a complete hyperbolic structure such that the non-cuspidal part of M is 
compact and every boundary component of M which has genus at least two inherits 
a totally geodesic metric from the hyperbolic structure on M. When we use the term 
totally geodesic boundary throughout this paper, this is what we mean. Thus the only 
non-compact ends of M are cusps. 

We consider attaching a collection of handlebodies and solid tori Ti to dM. Denote the 
resulting manifold by M U,^ where = {0£} is a collection of homeomorphisms, 
and each cjii is a map from a boundary component {dM)£ of dM to the boundary of a 
handlebody or solid torus Hi inH. 

A surface subgroup of M is a subgroup T < 7ri(M) which is isomorphic to the 
fundamental group of a closed surface of genus at least two. In [8], Cooper-Long-Reid 
showed that M always has a non-peripheral surface subgroup. 

In the Dehn surgery case, H is a. collection of solid tori. Recent papers of Cooper- 
Long [7] and Li [16] showed independently that all but finitely many Dehn surgeries 
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on a one-cusped hyperbolic manifold give rise to a manifold with a surface subgroup. 
Bart [2] gives a result when there are many cusps. We generalize these results to the 
case of handlebody attachments. 

For a handlebody H £ 7{,we consider attachments involving pseudo- Anosov home- 
omoiphisms h : dH —>■ dH whose stable lamination is of full type with respect to 
some pants decomposition of H along meridians, see Definition 2.7. This condition is 
generically true, and is equivalent (see [1]) to the condition that h has stable lamination 
which lies in the Masur domain of the handlebody. 

Theorem 1 (Theorems 6.1 and 7.1) Suppose M ^ Br' is a simple 3-manifold with 
m + m' > 1 boundary components, precisely m' of which are tori. Take a collection 
H = {Hi , . . . , //m+m' } of handlebodies and solid tori whose genera match those of 
dM . Let MVJ^Ti denote the closed 3-manifold obtained by gluing each boundary 
component {dM)i to dH^ by a homeomorphism (j)£. 

Suppose moreover that : dHi dH^ is a homeomorphism which is either a 
pseudo-Anosov homeomorphism whose stable lamination is of full type, or an Anosov 
homeomorphism, according to whether Hi has genus at least two or is a solid torus 
respectively. 

Given homeomorphisms cj)'^ : (dM)i — > dHi, there exist integers (Ni)min such that if 
(pi = h^^ o cj}'g with Ni > (Ni)min for all £, the group Tr\{M Ti.) contains a surface 
subgroup. 

There are three main ingredients required in our proof of Theorem 1 . Firstly, a closed 
TTi-injective surface S with a finite cover which lifts to an embedded incompressible 
surface in a finite cover of M. Secondly, suitable classes of gluing homeomorphisms. 
Finally, a geometrical analysis of the ways in which S might fail to remain tti -injective 
under handlebody attachment. 

We first prove Theorem 1 assuming M has no toral boundary components: every 
component of dM is a surface of genus at least two. This proof is given in Sections 2 
to 6, and generalized to the case where M also has some toral boundary components in 
Section 7. The precise method of proof when the chosen hyperbolic metric on M has 
cusps depends on whether S has accidental parabolics, but is broadly similar to the 
non-cusped case. 

In both cases, we prove Theorem 1 as a corollary of the following theorem. 

Theorem 2 (Theorems 6.2 and 7.2) Let M bea hyperbolic 3-manifold with m totally 
geodesic boundary components and m' cusps, m + m' > I. Let E be a connected. 
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orientable, closed, immersed surface in M with a finite cover which lifts to a non- 
peripheral embedded incompressible surface in a finite regular cover vr : M M of 
degree d. 

As in Theorem I, let M U(p H denote the closed 3-manifold obtained by attaching 
handlebodies to dM via homeomorphisms (p^ : (dM)^ —>■ dH^ and consider maps 
satisfying the condition given in that theorem. 

Given homeomorphisms (p'^ : idM)i —>■ dHi, there exist integers (NiJmin such that if 
(pi = h^' o cp'^ with Ni > {N()miB for all £, the surface S remains -Ki-injective in the 
resulting manifold Myj^H. 

The existence of such a surface S is given by Cooper-Long-Reid [8]. However our 
proof works for any virtually embedded vri-injective surface satisfying the conditions 
above, not just those provided by their construction. 

The second ingredient is making a good choice of attaching maps. The crucial property 
possessed by each gluing homeomorphism described above is that its dynamics are 
governed by that of the pseudo-Anosov map. In Section 2 we explain the condition for 
a lamination to be of full type, in terms of the way it intersects pants decompositions of 
the handlebody. 

When we attach handlebodies by maps as above, we force each member of a certain 
finite collection of curves to have high geometric intersection number with every curve 
bounding a disc in a handlebody H under the attachment map. Furthermore, we can 
use the geometry of these intersection sets to prove a key lemma. Proposition 4. 1. 

Now we use our final ingredient. Suppose that our surface S fails to inject at the level 
of the fundamental group into M U^H. Then there exists an essential loop £ in E, 
and an immersed disc D in M U(f,H which spans C. The intersection of D with M is a 
planar surface, and we may consider an immersed least-area representative Q of this 
planar surface. By the Gauss-Bonnet theorem, the area of Q is bounded above by a 
linear function of its Euler characteristic, and all but one component of dQ bound a 
disc in H under the attaching maps. 

Our proof relies on showing that the intersections as above contribute area to a surface 
R. This surface is obtained as a cover of Q of degree at most d, where d is the degree 
of a finite cover vr : M ^ M in which E becomes embedded. For a sufficiently high 
power of the pseudo-Anosov map, the intersections contribute too much area, and we 
obtain a contradiction with the Gauss-Bonnet theorem. 

We develop this intuition in Sections 2 to 6 in order to prove Theorem 2 and hence 
Theorem 1 in the case when every boundary component of M is of genus at least two. 
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In Section 7 we show that the presence of cusps does not materially affect our argument, 
so that Theorems 1 and 2 remain true in the general case. 

Note that attaching a solid torus by a map as in the theorems ensures that the corre- 
sponding Dehn filling slope lies outside the union of a finite number of infinite strips. 
In fact a similar argument to ours shows that our results hold in the latter case as well. 
The important condition turns out to be that the Dehn filling slope should have high 
intersection number with a finite number of exceptional slopes. These slopes depend 
only on the surface S and on the way in which its convex hull intersects the boundary 
of M. 

1 would like to thank my DPhil supervisor Marc Lackenby for a great many helpful 
conversations. My thanks also to Juan Souto for helping me to place my original 
condition on the pseudo-Anosov maps in the context of the literature, to Saul Schleimer 
for comments on terminology, and to the referee for several helpful suggestions. 

2 Defining the projective wavelike set 

Let // be a handlebody of genus g, and write B{dH)f.mh for the collection of non-trivial 
embedded 1 -manifolds on dH, each component of which bounds a disc in H, considered 
up to isotopy. Similarly, let B{dH) denote the collection of non-trivial regular homotopy 
classes of closed curves on dH, not necessarily embedded, each component of which 
bounds a disc in H. 

We will consider the first set as a subset of ML{dH), measured laminations on dH, by 
giving each curve component unit weight. The second set may be thought of in terms 
of Bonahon's theory of geodesic currents (e.g. [5]), but this is not necessary for our 
discussion. 

Definition 2.1 Suppose "P is a pants decomposition of the surface dH such that every 
boundary component of a pair of pants P £ V lies in B(5//)emb ■ Then we say that V is 
a handlebody pants decomposition and that every P G P is an H-pants. 

We will find it useful to distinguish two different kinds of essential subarcs in an 
//-pants P, and relate this to the way that a lamination A intersects P. 

Definition 2.2 Suppose that P is a pair of pants, and that ^ is an essential subarc 
properly embedded in P. If both of the endpoints of ^ lie on the same boundary 
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component of f, we say that ^ is a wave in P. Otherwise, ^ connects two different 
boundary components of P, and we say that ^ is a seam in P. 

Similarly, an essential immersed subarc ^ with ^ n 5P = 9^ is said to be an immersed 
wave or an immersed seam according to whether its endpoints lie on the same or 
different components of dP. 



Definition 2.3 Consider a measured lamination A and an //-pants P. Label the 
boundary components of P by dP\^dP2-,dP^. Let a,b^c denote respectively a = 

|A n dPi\, b = \X n dP2\ and c = |A n dP^], where |x PI ^'l denotes the geometric 
intersection number of measured laminations x and y . 

Then A satisfies all triangle inequalities on P if a + b>c,b + c>a and c + a > b. 
We say that A satisfies all strict triangle inequalities if every such inequality is strict. 

On the other hand, if at least one of these strict inequalities does not hold (e.g. a + b < c), 
we say that A satisfies some triangle subequality. Thus it is possible (take a + b = c, 
b + c>a,c + a>b) that A satisfies both all triangle inequalities and some triangle 
subequality. 

We can show that curves in B{dH) usually have an immersed wave with respect to some 
component of a handlebody pants decomposition. 

Lemma 2.4 Consider a closed, connected, possibly non-embedded curve a which 
lies in the boundary of a handlebody H and is homotopically trivial in H . Let V be 
a handlebody pants decomposition of dH. Then either a is homotopic into some 
component P or a has an inunersed wave with respect to some pants P eV. 

Proof Suppose some component of a is not homotopic into any component P £ V, 
and write f.D'^H for an immersed disc in H that it bounds. Then by ambient 
isotopy of f(D) we may assume it intersects the discs in P in a minimal non-empty 



seam 




wave 



Figure 1: Waves and seams in a pair of pants 
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collection of arcs whose preimages are properly and disjointly embedded in D. An 

outermost such preimage arc c separates off a subdisc/ : D' H with boundary cVJa' 
whose image lies in the union of some //-pants P and the discs in H bounded by its 
boundary components. 




Figure 2: A wave in a curve bounding a disc 



Since the endpoints of /(c) lie in the same boundary component of P, so do those of 
/(a'). By minimality, /(a') is an essential arc which is proper and immersed in P, so it 
forms an immersed wave in P. □ 

For a embedded, this wave will be embedded, and we can say more. 

Corollary 2.5 Suppose that a G S(5//)emb. Then the following holds for any 
handlebody pants decomposition V, whether or not there is a wave. There exist an 
H-pants P gP, and two boundary components dPi and dP2 of P, such that a has no 
subarcs in P which are seams connecting dPi and dP2 . 

Proof If a has a wave, it cannot have some seam which would cross that wave; and if 
a lies inside P, it has a component parallel to a boundary component of some P and so 
cannot have any seam running from that component. □ 

Moreover, suppose a G S((9//)emb has k> waves in P joining dP^ to itself. These 
also separate dPi from dP2 , so we deduce that the corresponding triple of intersection 
numbers is of the form (a, b, c) = (a, b, a + b + 2k) . If a has no waves in P but some 
component of a is parallel to dPi , we have (a, b, c) = (0, b, b). 

In particular, given any handlebody pants decomposition V, and a curve a in the set 

B(9//)emb , there exists an //-pants P such that a satisfies a triangle subequality 
on P. We are interested in all curves and laminations satisfying this conclusion, which 
motivates the following definition. 
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Definition 2.6 Define the wavelike set W{H) C ML{dH) to be 

W{H) = {A : VP, 3P eV s.t. A satisfies some triangle subequality on P } 
wliere V ranges over all handlebody pants decompositions of H. 

Since a measured lamination A lies in W(//) if and only if any positive scalar multiple 
of A does, we can also define the projective wavelike set PW{H) consisting of all 
projective measured laminations which have a representative in W{H) . This is a subset 
of PML(dH), projective measured lamination space. We may therefore make the 
following definition. 

Definition 2.7 Let A be a measured lamination in ML{dH). If it does not lie in yV{H) 
then we say it is of full type. Similarly, a projective measured lamination is of full type 
if it does not He in PW{H). 

Suppose h : dH — > dH is a pseudo-Anosov homeomorphism whose stable and unstable 
laminations A'^ do not lie in the projective wavehke set PW{H) . Then we say that h is 
of full type. 

We showed above that 5(9//)emb C W{H). Abrams-Schleimer proved that PyV(H) is 
equal to the closure of PB(dH)emb in the subspace of PML(dH) consisting of those 
laminations which occur as the fixed points of pseudo-Anosov homeomorphisms (see [1], 
11. 5). They also demonstrated that h has stable lamination of full type if and only if h 
has stable lamination contained in the Masur domain of H : the set of laminations having 
non-zero geometric intersection with every lamination in the closure of PB{dH)emh ■ 

By workof Kerckhoff [13] which extends results of Masur [17], the closure of PB{dH)smb 
and hence PW{H) has measure zero in PML{dH) . Thus a generic pseudo-Anosov map 
is of full type. The terminology type comes from Kobayashi [14]. 

We will consider attaching maps of the form (j) = o (p' which are formed as the 
composition of a power of a pseudo-Anosov homeomorphism h : dH — > dH whose 
stable lamination is of full type and a homeomorphism (p' : {dM)i dH. Our results 
hold for all (p with A'^ lai^ger than some constant depending on h and (/>' . 

We use throughout the conventions for stable and unstable laminations of a pseudo- 
Anosov map found in [6]. In Section 4, we show how to put these definitions together 
with that of the set of distinguished curves defined below. 
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3 The set of distinguished curves Xi 

We start by defining wliat it means for a 3-manifold to be simple. Then, given such a 
manifold M (with non-empty boundary) and a suitable vri -injective surface S immersed 
in it, we define sets Xi of distinguished curves which will play a crucial role in our 
argument. 

Definition 3.1 An orientable 3-manifold M is said to be simple if it is compact, 
irreducible, 9-irreducible, atoroidal and acylindrical. 

Take a simple 3-manifold M with m boundary components of genus at least two 
and m' toral boundary components, m + m' > 1 . As a consequence of the proof of 
Thurston's geometrization theorem for Haken 3-manifolds, we can give M (minus its 
toral boundary) a complete hyperbolic structure g such that the non-cuspidal part of 
M is compact and every boundary component of genus at least two inherits a totally 
geodesic hyperbolic metric from it. 

For M as above, we will consider an immersed surface rj: S S-^ M which is is a closed, 
connected, orientable vri -injective surface of genus at least two and which has a finite 
cover S lifting to a non-peripheral embedded incompressible surface in a degree d 
cover it: M M. 

We can always assume that this cover is regular, by lifting if necessary to a further 
finite cover. The next result follows from various facts originally due to Thurston, as 
described below. 

Lemma 3.2 Let rj: E S-^ M be a surface in a simple 3-manifold M as above. Then 
E is geometrically finite. 

Proof Suppose firstly that M has at least one boundary component of genus at least 
two. Then, giving M a hyperbolic metric g as above, the limit set of the Kleinian group 
7ri(M) in the hyperbolic sphere at infinity 5^ = diP does not fill up all of the sphere. 
Matsuzaki-Taniguchi [18] call this a Kleinian group of the second kind. Theorem 3.11 
of [18] states that every finitely generated subgroup of such a group is geometrically 
finite. This fact of Thurston's can also be found in [20]. Since S is a closed surface, 
7ri(S) is finitely generated and hence geometrically finite. 

On the other hand, suppose that M only has toral boundary components, so that (M, g) 
is a complete hyperbolic 3-manifold with finite volume. In this case, it follows from 
work of Thurston [21] and Bonahon [4] that either E is geometrically finite or it is a 
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virtual fibre of M: see for example the discussion in Menasco-Reid [19]. But E is 
closed so M cannot virtually fibre over it. Therefore S is geometrically finite. □ 

Take a virtually embedded vri -injective surface rj: S S-^ M as above. Write Si , . . . , 
for the images of the connected surface S which is a cover of E lifting to M. These are 
embedded incompressible surfaces which intersect each other in M. We shall assume 
these conditions and this terminology throughout this paper. Until Section 7, we also 
assume m' = 0, so M has no cusps. 

Let denote the characteristic submanifold of M* = M — mt{N{Tji)), where M* 
is the manifold obtained from M by removing a small open neighbourhood of the 
embedded surface E,. Its vertical boundary 9v^/ is a collection of disjoint essential 
annuli properly embedded in (M* , dM U S,) . 

Moreover, since M is hyperbolic, '^j consists of /-bundles over subsurfaces of the 
boundary and Seifert-fibred solid tori. This follows since M being atoroidal implies 
that no other Seifert-fibred spaces occur as components of . Again, we note that the 
submanifolds ^'i, . . . , ^I'i intersect each other. 

Consider a restricted subset of the connected components of each ^f,. This subset 
consists of those /-bundles whose vertical boundary is a collection of annuli with one 
boundary component in each of dM and S,. Write '^{dM, E,) for the collection of all 
such /-bundles in M. 

The characteristic submanifold is a purely topological object, but we will impose some 
geometrical restrictions on the subset ^'(9M, S,). We will assume that the boundary 
components of '^{dM, S,) n dM are geodesic curves in dM. This may make some 
previously disjoint annuli in dy'^idM, S,) intersect along a closed geodesic in dM, as 
shown in Figure 3. Note that there are finitely many of these curves since each of them 
is the geodesic straightening of a boundary curve of the original ^{dM, S,) n dM. We 
now give a precise definition. 

Definition 3.3 Suppose x is a closed simple geodesic on a totally geodesic boundary 
component of dM with the following property. There exist curves cr+ and cr~ on S, 
which are freely homotopic to x in M* but not freely homotopic to each other in S, . 
Then we say that x is a cut curve for '^{dM, S,). 

We are interested in the intersection of '^{dM, S,) with the boundary dM. For our 
argument it is convenient to express this intersection set in terms of the convex hull 
C(S,) of S,-. We will use the same notation C(— ) throughout for convex hulls in 
and their images when we project to a quotient manifold. 
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vertical boundary annuli in '^{dM, E,) 
(before making curves on dM geodesic) 

(after making curves on dM geodesic) 



possible Seifert 
fibred solid tori 




Figure 3: The curve x is a cut curve in this picture x 5' 



We will also occasionally find it useful to consider a slightly larger submanifold 
containing the convex hull which has smooth boundary. We may do this by extending 
the convex hull in a neighbourhood of small width which will be determined precisely 
later. To avoid excessive notation, we also let C(— ) denote the resulting extended 
convex hull with smooth boundary. 

Proposition 3.4 For M, C(i;0 and ^{dM, S,) as defined above, 

^{dM, %) ndM = C{%) n dM. 

Proof For each boundary component {dM)e of M, choose a basepoint * on {dM)i 
for all fundamental groups considered. Starting from the right-hand-side of the above 
equation, we have 

C{T.i)^^^M = \J{c{%)^^(,^M)^^ 

= IJ (c (a(^i(S,))) n c (K{^,{{dM)d))) , 

where A(r) denotes the limit set in dM? of a Kleinian group T. 

The limit set of the totally geodesic surface {dM)^ is a round circle. Thus the convex 
hull of {dM)i is a geodesic hyperplane in M? . Since the convex hull of S,- lies to one 
side of this hyperplane, we deduce that 

C{%) n = C (A(7ri(S0) n A(7ri((aM)^))) . 

By a standard theorem on limit sets (see for example Theorem 3.14 of [18]), the 
intersection of the limit sets of two geometrically finite subgroups is the limit set of their 
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intersection, plus perliaps a set P of parabolic fixed points. By our current assumption 
that M lias no cusps, P = $. Therefore 

C{%) n {dM)i = c (a (^i(So n ^i{{dM)S)) . 

Consider a loop X on {dM)i based at * which lies in 7ri(S,)n7ri(((9M)^). Choose a path 
p from the basepoint * on {dM)t to a point on S, . Then take a loop a on S, running 
through this point such that pap~^ is homotopic to x relative to *. Use this homotopy 
to define an annulus / : A S-^ M with boundary aUx, obtained by identifying two sides 
of the square with sides x,p, a and p~^ . 

Put/: A ^ M into general position with respect to the embedded surface S,, and 
assume that the annulus /(A) is transverse to S; in a neighbourhood of/(3A). It follows 
that the preimage of /(A) n S,- consists of simple closed curves in A. We can remove 
any inessential simple closed curves a from A since S,- is incompressible: /(a) will 
bound discs in /(A) and therefore in S,-; these discs cobound a ball across which /(A) 
may be homotoped to remove the intersection. 

Therefore we may assume that the preimage of /(A) n S,- in A consists of core curves 
in A . Take the core curve a nearest the boundary component of A mapping to x in 
{dM)i . Let / : A^ S-^ M denote the subannulus of / : A S-^ M lying between /(a) and 
f{x). The interior of this annulus /(A;^) is disjoint from S, , and so it lies in M* . 



A 




Figure 4: Homotopy annulus from a to x 



Any such annulus can be homotoped into the characteristic submanifold of M* 
by Johannson's Enclosing Theorem [11]. By construction, it can be homotoped 
into the subset '^{dM, S,) C Thus the curve x on {dM)i can be isotoped into 
'^{dM, S,) n (dM)£. Indeed, since we assumed that the boundary components of 
^'(5M, S,) n dM were geodesic, the geodesic straightening of .x already lies inside 
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the intersection "^{dM^T^i) n {dM)^. We deduce that CCS;) n {dM)^ lies inside 
^{dM,%)r\{dM)t,. 

Conversely, consider any loop x in '^{dM, S,) n (dM)£ based at *. By definition of 
"^{dM, S,), it is homotopic relative to * to a loop of the form pap^^ , where p is some 
path from * to S,- and cr is a loop in . Thus x G vri (S,) n vri {{dM)i) , and the geodesic 
representative of x lies in 

C{%) n {dM)e = C (a n vriaaM)^))) . 

Since the boundary curves of both "^{dM, S,) n {dM)i and CCS,) n (9M)^ are geodesic, 
X also lies inside C(S,) n {dM)i. This gives the opposite inclusion. By repeating both 
directions of this argument for every component of dM, we obtain the required equality 
^(dM, %) ndM = C{T,i) n dM. □ 

The curves which occur either as cut curves defined in Definition 3.3 or as boundary 
curves of the set described in Proposition 3.4 will play a special role in our argument. 
Sometimes we consider some additional curves as well. 

Definition 3.5 We define a boundary curve for S, to be an essential simple closed 
geodesic x in dM which is a component of d("^(dM, S,) n dM). We say that an 
essential simple closed geodesic in dM is a characteristic curve for if it is a boundary 
curve for S,- or a cut curve for S,. 

Let Xj denote the set of characteristic curves for S, . Then X- is a possibly empty finite 
collection of disjoint essential simple closed geodesies on dM. 

Definition 3.6 Suppose that X- n idM)e were empty for some boundary component 
(dM)i of M. Then we choose an essential simple closed geodesic X£ C idM)^ and 
replace X- by X'j U {xi}. We call X£ an additional curve. 

Extend each X- to a set Xi which is the union of X- and an additional curve X£ for every 
boundary component requiring one. Then Xj n {dM)£ is non-empty for all / and i. We 
call Xi the set of distinguished curves for "^(dM, S,)- It consists of the characteristic 
curves for S,- and the additional curves chosen as above. If x is a curve in Xi, we say it 
is a distinguished curve. 

We will also require the following definition. 

Definition 3.7 Let a be an immersed arc on {dM)£. We say that a is a quintersecting 
arc if it intersects every distinguished curve x G (Ji^f {dM)£ at least five times. 
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4 Ensuring large intersection with Xt 

In this section we use the definitions above and show that certain curves whose images 
bound discs in an attached handlebody have large geometric intersection number with 
each distinguished curve in every set . 

Proposition 4.1 Let M he a simple 3-inanifold containing a closed, connected, 

orientable, immersed surface r/ : E S-^ M with a finite cover which lifts to a non- 
peripheral embedded incompressible surface in a degree d cover it: M ^ M. Let H 
be a handlebody. Suppose that h : dH dH is a pseudo-Anosov map whose stable 
lamination is of full type and that : (dM)£ dH is a homeomorphism from some 
boundary component (dM)^ ofM to dH. 

Then, for all n e N, there exists Nmin(h,(f)') G N depending on the maps rj, tt, 
h and (f)' and on the integers n and d such that every attaching homeomorphism 
(f) = h!^ o (f)' : (dM)e dH with N > Nnunih, 0') has the following property. 

[*] Any connected essential (not necessarily embedded) curve p C (dM)^ such that 
(j) o 7r{p) bounds a disc in H can be subdivided into at least n subarcs, each of which is 
a quintersecting arc. 

Proof Take the component of dM containing p and denote it by idM)i . Thus (dM)£ 
projects to (dM)£. The homeomorphism 0' : {dM)i dH allows us to define a cover 
7r<^/ of dH by 

TT^' := (f)' ott: dM£ — > dH 

We write dH = dMp . Note that in general -k^i does not extend to a cover of the 
handlebody H. We then want to be able to lift a homeomorphism h : dH dH to a 
homeomorphism h : dH dH. The necessary and sufficient condition for this to be 
possible is that the map /i* induced by h at the level of the fundamental group should 
satisfy h^T = T, where T < iriidH) is the subgroup 

r = (v)* (^i(5^)) • 

This subgroup is of finite index equal to d < d, where d is the degree of the 
cover tt: M ^ M. The group iviidH) is finitely generated, hence it has finitely 
many subgroups of index d, and the automorphism must permute them. Such a 
permutation has order u dividing tl where 

t = max (number of subgroups of iriidH) of index d} < oo 

d<d 
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Thus for any h, the induced map (/z'')* = (/j*)" preserves F. This implies that h*^- lifts 
to a homeomorphism 

Consider the map (j) = o (p' , and take « G N. We may write A'^ as N't\ + r, where 
< r < Write as 

(j) = (h'Y' o {h'' o 0'), 

noting that none of N',t or r depends on (p' . 

Suppose that ip : idM)i —>■ dH ranges over the homeomorphisms in the set 

= {(p',h(j)',h^(p,...,h''-^(j)'}. 

If for every '0 E $,1 we can obtain an integer A^min(^^' , V') which satisfies the requirements 
of the proposition, then we can take 

A^min(/J, (/)') = ?! X ( max Nminih'- , ^) + 1 ) . 

Indeed, if we take A'^ > Nminih, </>') with Nminih, 0') defined as above, then for 

o(t>' = {h'Y' oih'-op'), 

we have 

A^' > '^-l > A^min(/j'',V') 

with ip = ¥ o (j)' , so that the conclusion holds. 

Thus from now on we will assume that the map h lifts to a pseudo-Anosov homeomor- 
phism h: dH — > dH. The stable lamination A'^ of h is 7r^/(A'^). 

We define 4>: dMe ^ 5// to be using dH = dM^. Then 

TT^r O cf) = TT^/ O = O TT^i =h^O(f)'oT: = (pOTT 

SO that gluing commutes with the projection map. 

By our choice of map h, \^ ^ PWiHY . Thus the lamination satisfies all strict triangle 
inequalities on each pants component P of some handlebody pants decomposition 
V = V(X^). As A'^ has no self-intersections and never spirals into a closed leaf, the 
strict triangle inequalities imply that A"^ has no waves and has all possible seams. 
Moreover, the union UV splits dH up into simply-connected regions, either square 
or hexagonal. 

In the cover dH, these regions must lift to simply-connected regions. Figure 5 shows 
an example of a possible lift of some P . 
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We now carry out the technical part of the proof. Take a curve p in dM (connected but 
not necessarily simple) such that 4> o tt{p) = vr^/ o (j){p) bounds a disc in H. This disc 
is proper and essential in {H, dH) but need not be embedded. By Lemma 2.4, either 
(/) o ■K{p) is freely homotopic into P G "P and hence separates two boundary components 
of the //-pants P, or it has an immersed wave with respect to "P. In either case, cj) o 7r(p) 
mtersects 

This intersection persists when we lift to dH : 0(p) must intersect A"^ . Indeed, the 
lift of the immersed wave (or boundary-parallel curve) starts in one of the square or 
hexagonal regions and must leave by one of the edges lying in A"^. Furthermore, since 
the lamination A"^ has local geometry modelled on a Cantor set x R, the lift of the 
wave intersects A'^ uncountably many times near this point. 

Apply the map (j) = to a. simple closed curve x in (dM)£ . Denoting the geodesic 
straightening of a curve's image by (— )* , we have 

(^(x))* = (h^{x))* C dH. 

AsN ^oo, (h^{x))* in the Gromov-Hausdorff sense (e.g. [12], § 11.15). 

Write W{x) for the smallest integer (depending on t], it, h and (p') such that whenever 
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N > W{x), the following property holds. This integer will exist by the convergence 
above. 

Property 4.2 For every lift of a seam ^ in an //-pants P of V such that A"^ has a 
subarc homotopy equivalent to ^ keeping its endpoints on dP, the curve {h^{x))* has a 
subarc homotopy equivalent to ^ keeping its endpoints on dP. 

Note that there may not be a uniform bound W such that, for all simple closed curves 
X, W{x) < W. Consider however the set of distinguished curves Xj in dM from 
Definition 3.6. Since there are finitely many curves in each Xj, and finitely many lifts 
S, from which we obtain a set of distinguished curves Xj, there are finitely many curves 
in all of these sets put together 

Write X^g^^^ for UiXj n (dM)£. Since X^gj^^^ is finite, we can define Wx/ to be the 
maximum of the integers W(x) such that x G ^(qm)^ ■ Then, for A' > Wx/ and a 
geodesic x G X^g^^^ , the curves 

{^(p))* = (P'ip))* and (/^^(x))* 

have non-zero geometric intersection number Thus p and x intersect, proving a weak 
form of the proposition. 

More generally, take a point p in the intersection of A'^ with 0(p) = h^{p) . As tends 
to infinity, the intersection of {(t){x))* = (/z^(x))* with h^{p) converges to A'^ H h^{p) 
around p in the sense of Gromov-Hausdorff. In particular, the intersections tend to the 
Cantor set limit. 

To complete the proof, take n G N. Any curve (l){p) as above has at least n subarcs 
each of which intersects A'^ at least five times, possibly all on the same lift of a wave. 
This implies that for each distinguished curve x there exists A'minW such that (f){p) has 
at least n subarcs each of which intersects (f){x) at least five times. 

Since there are finitely many distinguished curves and their images all converge to 
A^ we deduce that there exists A^min such that has n subarcs each of which 
intersects all distinguished curves at least five times. For example, pick 5« consecutive 
intersections between (/)(/)) and A"^ , a number e > small enough so that the distance 
between any two such intersections is greater than 2e, and take A^min large enough so 
that for every distinguished curve x, the geodesic {4>{x))* has an intersection with (l){p) 
within an e-neighbourhood of each intersection with A'^ . Thus the same subarcs may 
be chosen so that they work for all distinguished curves. 

Moreover, the integer Nmm can be taken to be independent of p since there are only 
finitely many types of square or hexagonal regions to consider. We conclude the proof 



Qeometry & Topology 10 (2006) 



Surface subgroups and handlebody attachment 



573 



by noting that this property is preserved under (f) . Thus there exists A^min so that 
every p can be subdivided into at least n subarcs, each of which is quintersecting. □ 

5 Gathering area outside C(S/) 

In Sections 3 and 4 we obtained two useful results. Proposition 3.4 expresses the 
intersection of the convex hull of a surface S,- with dM as the intersection of a 
certain collection of /-bundles 4'(9M, S,) with dM. Proposition 4.1 gives conditions 
guaranteeing that certain curves in dM have many subarcs, each intersecting every 
curve in the set X,- of distinguished curves for 4'(5M, S,). 

In this section and Section 6 we combine these results to show that all but a small 
number of these subarcs containing enough of these intersections will contribute a fixed 
quantum of area to a lift of a planar surface lying in M. This surface will be of the 
following kind. 

Let/: 2 S-^ M be a least-area planar surface immersed in M, with k > 2 geodesic 
boundary components /(^i), . . . ,f{qk) lying on dM and a geodesic boundary component 
fiqo) lying in C(S) andhomotopic to a curve in S. This surface Q inherits a negatively 
curved metric from M (see Theorem 5.5, § V.A, [9]) of curvature at most — 1 . Assume 
also that Q is homotopically incompressible and homotopically (9-incompressible. 

Basmajian [3] showed that the totally geodesic boundary dM of a hyperbolic manifold 
such as M has a collar of width some fixed constant U depending only on {x{(dM)e)} . 
This leads us to the following definitions of a ?7-collar and of minimal ?7-thin arcs in a 
planar surface immersed in M. 

Definition 5.1 For M, S and Q as above, consider a curve qj (J 0). The U-coUar 
of qj consists of all points C ^ Q such that the distance d{C,, qj) is at most U in the path 
metric on Q obtained from the metric on M. 

By Basmajian's result these collars are disjoint for qj (j ^ 0). For if not, we can 
find an embedded essential arc in Q running between curves qj^ and q^^ which lies in 
the ?7-collar of dM and so can be homotoped into dM. This contradicts homotopic 
9-incompressibility of Q. However, the curve /(^o) may approach some /(qj) at a 
distance less than U, and so we define J-thin arcs for Q. 

Definition 5.2 Define a minimal U-thin arc in / : Q S-^ M to be a geodesic arc ^ 
properly embedded in Q with endpoints on qo and some qj (j ^ 0), such that (i) the 
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length of ^ is at most JJ in the path metric on Q ; (ii) ^ is of minimal length among 
embedded arcs homotopy equivalent to it keeping their endpoints on the boundary. 




Figure 6: Definition of minimal [/-thin arcs and example of a graph 

Note that these arcs are disjoint. For any constant < (5 < f/, we may similarly define 
minimal 5 -thin arcs for/: Q M. Moreover, if 7? is a cover of Q which lifts to 
some finite cover M ^ M, the set of minimal 5-thin arcs of R consists of all arcs in R 
which project to a minimal (5-thin arc of Q. 

Lemma 5.3 Let / : R M be a (minimal) surface immersed in M such that its 
projection Q = tt{R) is a least-area planar surface in M as described above, with 
k+l >3 boundary components. Suppose that d is the degree of the cover it: M ^ M. 
Then, for my < 6 < U, there are at most 2(k — l)d minimal S-thin arcs in R. 

Proof By construction it is enough to show that Q has at most 2(k — 1) minimal 
5-thin arcs, where k>2. Consider therefore the graph Qq obtained from Q by taking 
a vertex for every boundary component of Q and an edge for every minimal (5-thin arc. 
Then Qq is planar, and we claim it has at most 2(k — 1) edges. 

We prove this by induction on ^. If ^ = 2, there are at most two edges, each of which 
runs from the vertex vo representing to one of the other vertices vi or V2. For, since 
each/(^^) is a geodesic curve in the negatively-curved surface Q, there cannot be two 
disjoint adjacent minimal (5-thin arcs without some non-simply-connected region of Q 
separating them. 

If A; > 2, we can always find a vertex with at most one edge coimecting it to vq. For, 
suppose V is some vertex with more than such one edge, and let and ^2 be minimal 
(5-thin arcs represented by two of these edges. 

Consider cutting Q along ^1 U ^2- Since ^1 and ,^2 have some non-simply connected 
region of Q lying between them, both components of 2 — (^1 U ^2) are planar surfaces 
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of Euler characteristic at most zero. Hence each such surface has Euler characteristic 
whose absolute value is strictly less than |x(2)| • 



Therefore we may argue by induction on |x(2)|> choosing one of these new planar 
surfaces each time. But is finite so this process must terminate. We eventually 

find a boundary component qj of Q incident with at most one minimal 5-thin arc; 
equivalently, we find a vertex v, with at most one edge connecting it to vq . 

Removing this boundary component causes at most one pair of the minimal 5-thin arcs 
to become adjacent. Since the curvature of Q is negative, these will combine into a 
single minimal arc. 

In the graph, this corresponds to removing the vertex with at most one edge, and 
amalgamating at most one pair of edges into a single edge. In this way we obtain a 
graph with one fewer vertex and at most two fewer edges. By induction, Qq has at most 
2{k- 1) edges. □ 

We have now shown that, for any < 5 < U , the surface R has at most 2{k — \)d 
minimal 5-thin arcs. These will provide the possible exceptional cases in the argument 
which follows in Section 6. Before this, we will determine a couple of constants which 
will appear in future formulae. 

Definition 5.4 For S, M and M as described at the beginning of Section 3, recall the 
set Xj of distinguished curves from Definition 3.6. 

Consider all geodesic curves x,j G X = IJi^i- They each have an annular collar in dM 
of some strictly positive width Wij . For fixed / these collars are assumed to be disjoint. 
Define a constant e > by e = ^ min^j w,j. We say that e is the minimum disjoint 
annular width for X. 

It is useful to consider a special case. Choose a boundary component {dM)£ and suppose 
that each set Xi has some boundary curves on {dM)i in it. By Definitions 3.5 and 3.6 




Figure 7: Cutting Q along some and ^2 
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this is equivalent to assuming that, for each /, the set C(S;) n (dM)£ is a non-empty 
proper subset of (dM)i . 



convex hull of S, 




Figure 8: Obtaining a collar disjoint from the convex hull 



Choose a lift S,- of S and consider its convex hull C(S,). This intersects {dM)^ in 
subsurfaces of M whose boundary curves lie at least a distance 4e apart. For each 
boundary curve Xij , consider an annulus A, ^ in {dM)^ which lies parallel to Xij and 
which is disjoint from the convex hull C(E,). We assume that the distance between Xjj 
and the annulus is e , and that the annulus has width e . 

Lemma 5.5 There exists a constant 6 > such that, for all ij, the annulus Aij has a 
solid collar Ai J x I of width at least 6, where this collar is disjoint from the convex hull 
of%. 

Proof By taking 5 < U,we know that each Aij has a collar of width at least 6 in M. 
Each annulus Aij lies outside the appropriate convex hull C(Ei) n {dM)i, and there are 
finitely many such annuli. By compactness for each / and i, the annuli Aij lie at least 
some distance 28i from the appropriate convex hull. Thus they each have a collar of 
width 6 = mini which is disjoint from it. □ 

Take a (5-collar of the boundary of M, and denote it by NsidM). By decreasing 5 > 
if necessary, the intersection of the convex hull of each S,- with NsidM) is a collar on 
the intersection of that convex hull with the boundary of M. 

We may do this as explained before Proposition 3.4 by making an extremely small 
modification (of width < 5/ 1000, say) to extend the convex hull to a submanifold with 
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smooth boundary. This condition will ensure that arguments which work for boundary 
curves also work for any additional curves. We will deal with cut curves separately 
later. 

Definition 5.6 We say that any constant 5 > satisfying Lemma 5.5 and the above 
condition on the collar of every convex hull is a minimum collar width for X. The 
value of this constant depends only on M, M and S . 

We have now defined two constants depending on M, M and S: the minimum disjoint 
annular width e and the minimum collar width 5 . These will enable us to prove our 
main theorem in Section 6. The idea is to show that a planar surface intersects many of 
these annular collars, and hence picks up at least e sinh 5 area each time, leading to a 
contradiction with the Gauss-Bonnet theorem. 

6 Proof of main theorem: non-cusped case 

We now use the results obtained in Sections 2 to 5 to deduce our main result in the case 
where the manifold M has no cusps. We consider the general case in Section 7. 

Theorem 6.1 Suppose that M is a simple 3-manifold with m > I boundary compo- 
nents (dM)i, . . . ,(dM)m each of genus > 2. Consider a collection of handlebodies 
TL = {H\, . . . ,Hffi} whose genera match those of dM . Let M U^H denote the 
closed 3-manifold obtained by gluing each boundary component {dM)^ to dHi via a 
homeomorphism (pi. 

Suppose moreover that : dHi — > dH£ is a pseudo-Anosov homeomorphism with 
stable lamination of full type. Given homeomorphisms 0^ : {dM)i — > dH^, there exist 
integers {Ne)inm such that if (pi = h'^' o cj)'^ with Ni > {Nijmin for all £, the group 
7ri(M H) contains a surface subgroup. 

Recall that M / is simple if it is compact, irreducible, 9-irreducible, atoroidal 
and acylindrical, so dM is incompressible. A surface subgroup is a subgroup which 
is isomorphic to the fundamental group of a closed surface of genus at least two. We 
defined laminations of full type in Definition 2.7. 

Proof Any 3-manifold M ^ which is irreducible, atoroidal and acylindrical and 
which has non-empty incompressible boundary is Haken. As a consequence of the 
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proof of Thurston's geometrization of Haken manifolds, M can be given a hyperbolic 
structure with totally geodesic boundary in the sense of Section 1 . 

By Cooper-Long-Reid [8], there exists a vri-injective surface 7]: S S-^ M. Thus M 
has a surface subgroup. This surface S has a finite cover which lifts to a non-peripheral 
embedded incompressible surface in a finite cover vr : M M, which we can further 
assume to be a regular finite cover. 

It is therefore enough to show the following theorem. We will make free use of any 
terminology defined in the preceding sections. We usually abuse notation by writing H 
for the union of the handlebodies Hi, ... , Hm . 

Theorem 6.2 Let M be a hyperbolic 3-manifold with non-empty totally geodesic 
boundary. Let rj: S S-^ M be any closed, connected orientable surface with a finite 
cover which lifts to a non-peripheral embedded incompressible surface in a finite regular 
cover vr : M M. Let MU^H denote the closed 3-manifold obtained by gluing each 
boundary component {dM)i to dH^ via a homeomorphism where each is a 
handlebody as in Theorem 6. 1 . 

Suppose moreover that : dHi dH^ is a pseudo-Anosov homeomorphism with 
stable lamination of full type. Given homeomorphisms 0^ : {dM)i —>■ dHi, there exist 
integers (A^^)min such that if (p£ = h'^' o (p'^ with Ni > {Ni)inm for all t, the surface E 
stays TTi -injective in the resulting manifold M U^H. 

In particular, 7ri(i;) < iri(M H) is a surface subgroup. 

Proof We argue by contradiction. If the surface S does not remain vri -injective 
in M U^H, there is some essential loop C in bounding an immersed disc 

/ : D S-^ M By the hypotheses, we can take each (A^^)min large enough to apply 

a result of Lackenby [15], and deduce that 7^\{H) injects into tti{M H). In this case, 
the intersections of the disc f{D) with M and H can be assumed to have the following 
structure. 

Lemma 6.3 Suppose vriCH) injects into 7ri(M Tl). For any loop C in M homo- 
topically trivial in MVJ^Ti, take a spanning disc f: D M VJ^Ti with C running 
once round f{D) . Assume moreover that D nf^^{Tl) consists of a collection of discs 
which are disjoint in D, and that the number of such discs is minimal. Thenf{D) n M 
is a homotopically incompressible and homotopically d -incompressible surface in M . 

Note that here homotopically incompressible means that no homotopically non-trivial 
simple closed curve in D nf^\M) maps to a homotopically trivial curve in M; 
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homotopically 9-incompressible means that there is no properly embedded essential 
arc in D r]f~^(M) which maps to an arc which can be homotoped into dM while 
keeping its endpoints fixed. 

Proof We can always find / : D M U^H such that f{D) n W is a disjoint union of 
discs by considering the handlebodies in H to be small neighbourhoods of their core 
graphs. Indeed, these graphs can be made to intersect f{D) transversely in isolated 
points. Thus we can assume that D nf^^H) is a collection of small discs embedded in 
D, and that the number of such discs is minimal. 

Suppose /(D) n M were homotopically compressible in M. Then there would exist 
a homotopically non-trivial simple closed curve c in D n/^^(M) which mapped to a 
homotopically trivial curve in M. We could then modify / by replacing the interior of 
c by the disc it spans in M, reducing \D nf~^{Tl)\ . Since this number was assumed 
minimal, we have a contradiction. Thus we see that f(D) n M is homotopically 
incompressible in M. 

Similarly, suppose /(D) n M were homotopically boundary compressible in M. Then 
there would exist an essential arc a properly embedded in D nf^^{M) such that /(a) 
could be homotoped in M to an arc in dM whilst keeping its endpoints fixed. 

If such an arc a had both its endpoints on the same boundary component OD, of 
D n/~ ' (M) , it would separate D n/~ ' (M) into two planar surfaces as shown in Figure 9. 
Here D,- is a disc component of D r\f~^{Tl). After homotoping /(q) into dM, consider 
a subdisc D' C D with image disjoint from C and with/((9D') C dH running along 
/(a) and a subarc of f{dDi) , choosing this subarc so that the disc D,- lies inside D' . 
This ensures that |D' r\f'\n)\ > 2. 

Then f{dD') is a curve in H which is homotopically trivial in M U<^ . By assumption, 
injects into 7ri(M U,^ Ti), so/(5D') is homotopically trivial in Ti. This implies 
that we may modify / so that/(D') is replaced by a single disc in Ti. But this too 
would reduce |D r\f~^{Ti.)\, a contradiction. 

Therefore we must assume that such an a has its endpoints on two different components 
of ^{Dr^f-\M)), say dDi and dD2 bounding discs D\ and D2 in 7i respectively, as 
shown in the right-hand diagram of Figure 9. 

However, we may then modify / by replacing both discs Di and D2 by a single disc 
Di 2 consisting of D\ and D2 banded together by a strip lying in a small neighbourhood 
of the image of the arc a on dTi pushed into as in Figure 10. Note that dD\ 2 is 
embedded in D although /((9D 12) is not necessarily embedded in Ti. This reduces 
|D n/^'CH)! , a final contradiction. 
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Figure 9: Two possibilities for a: endpoints on the same or different components 




Figure 10; Banding pairs of discs 

Thus we have shown that for any curve C which is homotopically trivial in M U,^ W , 
we can find a spanning disc D such that the planar surface f{D) n M is homotopically 
incompressible and homotopically 5-incompressible. □ 

Proof of Theorem 6.2 By Lemma 6.3, we may consider a least-area immersed planar 
surface /: 2 M in the homotopy class of f{D) n M ([15], Claim 4). Write the 
boundary components of Q as <7o, • • • , ^/t- Here denotes the boundary component 
of Q which is mapped to a geodesic curve homotopic to C . The other components 
qi, . . . ,qk ail map to dM. 

We may assume that k > 2. For, if ^ = 1 , the essential loop C is homotopic to a 
geodesic curve C* in dM bounding a disc in TL under the attaching map. Suppose 
C* C (dM)£ is a lift of C* to the convex hull of E/, and let A be an annulus realizing 
the homotopy in M from C* to a lift £ of £ up to S, . 

The set Xi n idM)£ must contain some characteristic curves, else this lift C cannot be 
homotopic to a curve in idM)e . Proposition 4. 1 then shows that C* intersects some 
characteristic curve x G Xj lying in idM)i . 

By an argument using Johannson's Enclosing Theorem as in Proposition 3.4, some 
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subannulus of A in M* C M can be homotoped into the characteristic submanifold 
and hence into ^{dM, S,). But this contradicts the assumption that x is a characteristic 
curve. Thus k >2. 

Consider a degree d cover R of Q which lifts to M. The images of components of 
dR which cover curves qj (j / 0) bound discs under the map o vr and so satisfy the 
hypotheses of Proposition 4. 1 . Recall that this ensures that such a curve p C idM)^ has 
many quintersecting subarcs. 

Furthermore, note that R has area at most d times that of Q, where d is the degree of 
the cover vr : M M. Since Q is least-area, the curvature of Q inherited from M is at 
most -1 (Thm5.5, § V.A, [9]). By Gauss-Bonnet, 

Area(/?) < d Area(0 < (i(27r(A: - 1)) < Inkd. 

Recall the minimum disjoint annular width and minimum collar width constants e and 
5, which depend only on H, M and M. We can use these to deduce a contradiction 
with the area calculation above by taking 



e sinh 6 

as the number of quintersecting subarcs; compare Proposition 4.1. 

Consider a component p of dR which projects to some qj (J 0), and the (^-collar 
Ns{a) of a quintersecting subarc a of p. Since dM has a collar of width U in M, and 
5 < U, no 5-collar of another boundary component of R which is a lift of some qj 
(j 7^ 0) may intersect it. 

Therefore the only boundary components of R which do intersect Ns(a) are those 
which arise as lifts of qo. Label such curves ri, . . . , r,. By construction, each r,- maps 
into the convex hull of some lift ^^(i) of S. 

Suppose firstly that the intersection of some set Xi of distinguished curves with a 
boundary component {dM)i contains no characteristic curves but only an additional 
curve Xi. Then by our choice of 5 the convex hull S; cannot intersect the (5-collar of 

{dM)i. 

In particular, any curves r,. lying in C(S,) cannot intersect the (^-collar of p as it runs 
along (dM)i between intersections with Xi . We will see below that this is enough to 
deduce a contradiction. Henceforth we assume that for all / and i, Xj n {dM)i contains 
some characteristic curve. 

Consider an arc of intersection y between a curve r, C C(Sct(,)) and Nsip). It gives rise 
to a minimal (5 -thin arc with an endpoint on p. Suppose a is a quintersecting 
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subarc of p with y n Ns{a) / 0. If y lies wholly in the 5-collar of the interior of a, p 
approaches y most closely at some point in a and G a . 

If instead C, lies on a quintersecting subarc a' whose interior is disjoint from that of 
a, note that y cannot cross the (5-collar of an annulus parallel to a boundary 

curve by Lemma 5.5, nor the 5-collar of a cut curve x^(i)j more than twice by 
Lemma 6.5 below. Assume we have decomposed p into n quintersecting subarcs; each 
of these intersects each characteristic curve five times. Then y can only run through the 
(5-collar of a' and perhaps one quintersecting subarc of p adjacent to a' . 

Definition 6.4 We say that a quintersecting subarc a is safe if IJ^. r,- n Nsia) is either 
connected or empty. 

Each minimal 5-thin arc corresponds to an arc y which intersects the 5-collar of at 
most two quintersecting subarcs of p. By Lemma 5.3, R has at most 2{k — l)d minimal 
5-thin arcs. Therefore, there are at most 2(k — l)d < 2kd quintersecting subarcs (in 
total counting subarcs of all p C dR) which have two or more arcs y intersecting their 
(5-collar, and hence are not safe. 

Since there are at least k boundary components in dR which project to some qjij / 0), 
and each of these has n quintersecting subarcs, there are at least 

2irkd 

nk — 2kd = {n — 2d)k > — — — r 

e sinh 

safe quintersecting subarcs. Take a safe quintersecting subarc a. At most one component 
r,- C OR intersects Nsia), and it does so in a connected subarc of r,-. Suppose r, maps 
to the convex hull of SctC/)- By Proposition 4.1, a has at least five intersections with 
every characteristic curve in the set ^^(i) . 

Case I We deal with the simpler of two possibilities first. Suppose that for each 
boundary component (dM)£ of M, some curves in every Xj are boundary curves of 
C(E,) n {dM)i. That is, not all characteristic curves are cut curves. 

Since is a safe quintersecting subarc, it has at least five (hence at least three) 
intersections with some boundary curve Xcr(i)j G Xcr(i). Lemma 5.5 then implies that a 
runs through an annulus Acr(i)j of width e lying outside the convex hull of Sct(()- 

The image of r, in M cannot intersect Nsia) while it runs through the collar of this 
annulus, since the image of r,- lies in C(T,o-{i))- By assumption, no other boundary 
component of R can do so either. We deduce that the 5-collar of a contributes area at 
least e sinh 5 to 7?, as illustrated in Figure 1 1. This concludes the first case. 
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Figure 1 1 : The curve r, cannot run through part of the (5-collar of a C p 

Case II Now suppose instead that (dM)i is a boundary component of M whose 
intersection with the convex hull C(S;) of the embedded surface S,- is all of (dM)£. 
Since this means that CCS,) n {dM)^ is closed, it has no boundary curves. Thus for such 
/, Xi n {dM)i consists of at least one cut curve. 

Recall Definition 3.3: a cut curve x G X,- is a closed geodesic curve on some boundary 
component {dM)£ such that there exist curves and a~ on which are homotopic 
to X in Mf but not to each other in S, . 

These cut curves arose when we insisted that the boundary curves of "^{dM, S,) on 
{dM)£ should be geodesies. Thus for any cut curve x we can find curves and in 
satisfying the definition and which were boundary components of vertical boundary 
annuli for "^(dM, S,): see Figure 3. There may be some Seifert-fibred solid torus 
components of the characteristic submanifold lying between the components of 
^'(5M, S/), but they will make no difference to our argument. 

Lemma 6.5 Suppose r, c dR maps to the convex hull C(Scr(;)), and suppose that y 
is a connected subarc of r, lying in the 5-collar of a. Then this arc y intersects the 
6 -collar of a cut curve x^^iy at most twice. 

Proof Suppose not, so y intersects the (5-collar of the cut curve Xa{i)j three times. 
Choose one of the endpoints of y as a basepoint for M. Consider the cover Mqo — > M 
such that TTi (Moo) = "^i (^cr(i)) > ^tid give Moo a basepoint which projects to the basepoint 
for M. Note that the manifold Mqo is homeomorphic to ^^(i) x /, and moreover that 
lifts homeomorphically to Moo ■ Write Scr(!),oo for such a lift. 

Qeometry & Topology 10 (2006) 



584 



Vivien R Easson 



Take a 5-collar of the boundary of M^o, and denote it by Ns(dMoo)- By decreasing 
6 > again if necessary (see before Definition 5.6), tlie intersection of the convex hull 
of Scr(!),oo with this (5-collar is a collar on the intersection of the convex hull with the 
boundary of Mqo ■ In this way we obtain 



Since the cover Mqo only contains loops which lie in vri (Scr(!)) , the convex hull has been 
cut along every cut curve in X^^i) . Thus every component of the above intersection is the 
lift of a collar on the appropriate intersection of the original characteristic submanifold 
^'ct(i) with dM, where we assume that boundary curves on dM remain disjoint rather 
than being made geodesic. 

The loop r, is homotopic to a loop in and passes through the basepoint of M. 

When we lift r,- to Mqo > it remains a loop based at the chosen lift of the basepoint, lying 
in the convex hull C(Sct(,).oo)- The subarc y lifts to a subarc in Mqo lying entirely in 
one component of the intersection of C{Tia-{i),oo) with NsidMoo)- Note also that the cut 
curve Xa(i)j is homotopic to a loop in so that it can be lifted to a loop in Mqo as 
well. 

Since y crosses the (5-collar of a cut curve ^(7(i)j three times, we can choose two 
of these intersections which have coherent orientations. Thus there is a based loop 
(see Figure 12) lying entirely in one component of C{Tirj(i),oo) H Ns(dMoo) which has 
non-zero geometric intersection with the 5 -collar of some lift Xcr(;)j of the cut curve. 
But this component is a lift of a component of 



and so cannot contain such a based loop crossing the lift of any cut curve. This is a 



Therefore a curve r,- can intersect the 5 -collar of at most two intersections of a with 
Xa{i)j- Since Proposition 4.1 ensures that a intersects Xa-{i)j at least five times, there are 
two consecutive intersections between which r,- does not intersect the (5-collar of a. 
By choice of e, these intersections are at least distance e apart. This ensures that a 
contributes at least e sinh 6 to the area of R between these two intersections, concluding 
the second case. 

We have shown the existence of at least Inkd/ie sinh 6) subarcs of dR each contributing 
area at least e sinh 6 to R. This implies that 





contradiction, proving Lemma 6.5. 



□ 



Area(/?) > 



lirkd 



X e sinh 5 > Inkd 



€ sinh 6 
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Figure 12: The subarc y of r,- and its lift to M, 



which contradicts the Gauss-Bonnet calculation above. Thus no such surface R can 
exist, and our original assumptions cannot hold. In particular, no essential loop in S 
bounds a disc / : DS^MU^W. 

Let us summarize. For a suitable vri -injective virtually embedded surface S , there exists 
a constant n as described above depending only on E, M and M. Choosing suitable 
pseudo-Anosov maps hi: dHi —>■ dHi and homeomorphisms (p'f -. (dM)i — > dHi, 
there exist integers (NeJ^m depending on n and which have the following property. 
Whenever Ni > (A^£)min for all ^ = I, . . . ,m, the surface E remains tti -injective in 
MU^Ti under the handlebody attachments = /z^^ o (/)^ : {dM)( —>■ dHi . This proves 
Theorem 6.2. □ 

Proof of Theorem 6.1 By work of Cooper-Long-Reid [8], any 3-manifold M satis- 
fying the hypotheses of Theorem 6.1 contains a surface S satisfying the assumptions of 
Theorem 6.2. Indeed, there may be infinitely many such surfaces. They are formed by 
connecting two copies of an essential surface realizing some boundary slope on dM by 
high-genus tubes wrapping many times round the appropriate components of dM, and 
then compressing if necessary. 

Theorem 6.2 shows that such surfaces S remain vri -injective under appropriate gluing 
maps (j). In particular, tt\{M [J^ H) contains vri(S) as a surface subgroup. This enables 
us to deduce Theorem 6. 1. □ 

7 Proof of main theorem: general case 

In Section 6 we proved our main theorem in the case where M does not have cusps. We 
now show that our arguments also extend to the cusped case. 
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Theorem 7.1 Suppose M ^ is a simple 3-manifold with m + m' > 1 boundary 
components, m' of which are tori. Let H = {Hi, . . . ,Hm+m'} be a collection of 
handlebodies and solid tori whose genera match those of dM . Let MiJ^Ti denote the 
closed 3-manifold obtained by gluing each boundary component {dM)^ to dHi by a 
homeomorphism (p^. 

Suppose moreover that : dHi — > dHi is a homeomorphism which is either a 
pseudo-Anosov homeomorphism whose stable lamination is of full type, or an Anosov 
homeomorphism, according to whether H£ has genus at least two or is a solid torus 
respectively. 

Given homeomorphisms (p'^ : (dM)i —>■ dHi, there exist integers (A^£)min such that if 
(pi = h^'^ o (p'^ with Ng > iNi)niin for all i, the group 7ri(M 7i) contains a surface 
subgroup. 

Recall from [6] that an Anosov homeomorphism of a torus is a map whose trace under 
any geometric SL(2, Z) -representation has absolute value strictly greater than two. 
They fulfil a similar dynamical purpose to pseudo-Anosov maps. 

Theorem 7.1 may be deduced from the appropriate analogue of Theorem 6.2 as in the 
non-cusped case. Since M is Haken, we may give M (minus its toral boundary) a 
complete hyperbolic structure with totally geodesic boundary. 

Theorem 7.2 Let M be a hyperbolic 3-manifold with m totally geodesic boundary 
components and m' cusps, m + m' > 1 . Let E be a connected, orientable, closed, 
immersed surface in M with a finite cover which lifts to a non-peripheral embedded 
incompressible surface in a finite regular cover vr : M ^ M of degree d. 

As in Theorem 7. 1, let M U^H denote the closed 3-manifold obtained by filling each 
of the boundary components or cusps of M via homeomorphisms (p£ : {dM)^ —>■ dHi, 
and consider maps hg satisfying the condition given in that theorem. 

Given homeomorphisms cp'f^ : (dM)i dHi, there exist integers {Ni)min such that if 
(pi = h^^ o p'^ with Ni > {Ni)min for all £, the surface T, remains vri -injective in the 
resulting manifold M 

Proof of Theorem 7.2 We argue by contradiction as in Theorem 6.2. Apply Lemma 6.3 
to a disc / : D M VJ^'H spanning a loop £ in S , and obtain once more a least-area 
planar surface / : Q°r^ M with k + I boundary components and k' punctures. We say 
that the boundary components mapping to totally geodesic boundary components of M 
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are non-toral curves, and label them qi, . . . ,qk. We also label the punctures p\, . . . ,pi^i . 
Take a cover / : /? S-^ M as before. 

By the same arguments as for the non-cusped case, we can ensure k + k' >2. There are 
then two possible cases: either S contains accidental parabolics or it does not. Since S 
is closed, it contains no genuine parabolics. 

Before we examine these cases separately, we need to generalize the proof of one of our 
results to the cusped case. Recall the proof of Proposition 3.4: at one point we used the 
assumption that 7ri(M) had no parabolic elements. With this assumption we deduced 
that ^{dM, %) r\dM = C{%) n dM. 

In fact the same proof works in the cusped case, but we need to justify this. Note that M 
still cannot be virtually fibred over S since S is closed. The only potential problem is 
the set P of parabolic fixed points which occurs in the identity (Theorem 3.14 of [18]) 

A(ri)nA(r2) = A(rinr2)up 

for two geometrically finite subgroups Ti, r2 of a Kleinian group T . 

The set P is defined in [18] as the set of points C, in the complement VL^Ty n of 
A(ri n r2) such that stabri(0 ^nd stabr^CC) generate a parabolic abelian group of rank 
2 and stabr,(0 n stabr2(C) = {id}- 

The set P is only non-empty when the appropriate stabilizers of C G P are both of rank 
1 and intersect trivially. In our case, Ti is the fundamental group of some lift S;. The 
group r2 is the fundamental group of some boundary component {dM)i which is either 
totally geodesic or cuspidal. 

If it is cuspidal, the group r2 contains a rank 2 stabilizer of C, if and only if (dM)i is 
the appropriate toral boundary component for the cusp corresponding to ^ . If {dM)i is 
non-toral or if it corresponds to a different cusp, only the identity element stabilizes the 
parabolic fixed point C,. The group stabrjCC) can never be of rank 1. In our application, 
therefore, P is always empty. 

We deduce that Proposition 3.4 still holds when M has cusps. Thus, assuming that 
the characteristic submanifold '^{dM, S,) has geodesic boundary on dM, the convex 
hull of E; intersects each torus (9M)^ in immersed annuli whose boundary curves are 
characteristic curves of '^{dM, S,) and whose image may be all of (dM)^. 

Now we can return to the main argument. By Gauss-Bonnet applied to Q, 

Area(/?) < d Area(0 < d{2TT{k + k' - 1)) < Inik + k')d. 
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Choose disjoint horoball neighbourhoods of each cusp in M which are disjoint from 
the [/-collai^s of every non-toral curve. Suppose moreover that the 5-collar of each 
horoball neighbourhood is disjoint from any convex hull which is disjoint from the toral 
boundary corresponding to this cusp. 

By homotopic 9-incompressibility, each puncture p m R covering a puncture in Q has 
a half-open annulus neighbourhood A(p) whose image lies in one of these horoball 
neighbourhoods. The boundary of each horoball neighbourhood is a torus Ti which 
inherits a Euclidean path metric from the metric on M. 

Case A: no accidental parabolics Suppose E contains no accidental parabolic s: 
non-trivial loops in S homotopic to loops in the cusp boundary of M. Then, for any lift 
S;, the convex hull C(i;,) avoids the cusps of M. 

Write p(p) for the boundary component of A(p) on some T = T^. We say that 
such curves are toral curves in R. By the appropriate and much easier analogue of 
Proposition 4.1 for these toral attachments, we may ensure that each toral curve p(p) 
has uniformly large geometric intersection number with some additional curve . As 
these intersections occur at least distance e apart, we may also ensure that all curves 
p(p) are longer than any given fixed length. 

The area of A(p) is at least the length of p(p) (see e.g. [10], proof of Thm 4.3). By the 
above argument we can make all toral curves at least 2J(7r + e sinh 5) long so that each 
annulus A(p) contributes 2d{TT + e sinh 5) to the area of R. There are at least k' such 
annuli. 

As in the proof of Theorem 6.2, we can subdivide every non-toral curve into at least 
n > lird/ie sinh 6) + 2d quintersecting subarcs. Over all non-toral curves, all but at 
most 2(k + k')d of these subarcs contribute area e sinh 6 to R. Thus 



and so Area(/?) > 2TT{k + k')d, which contradicts the Gauss-Bonnet calculation. 

In fact, we could have obtained a contradiction by showing that each pair of intersections 
of p(j)) with X£ picked up a quantum of area outside A(p) . We need to use this idea in 
the general case. 

Case B: accidental parabolics Now suppose that the surface H contains some 
accidental parabolics. Consider a boundary component T of a horoball neighbourhood 
of a cusp in M which has non-empty intersection with some C(S,), and suppose that 
A(p) lies in the corresponding horoball neighbourhood. 
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Case A 



CaseB 




punctures 




non-toral curve 



dA(p) 



toral curve p{p) 



Figure 13: Comparing the area calculations in Case A and Case B 



In this case, the boundary curve dA(p) may not lie entirely in J. Define a toml curve 
p(p) instead to be a curve freely homotopic to a core curve of A(p) lying on T . Also 
define NsiAQ?)) to be the set of all points in R which lie within S of A(j?). There are 
two cases. 

Case B(I) C(S,) r\T for all / By construction, the only boundary components 
of R which intersect Ns{A(p)) are those components r,- which cover and which map 
to some C(Sct(,)) intersecting T . 

Since H J is never all of J, it has some boundary curve on T . Again 

we may adapt Proposition 4.1 to the case of these toral attachments, since they are the 
composition of a large power of an Anosov map with the map 0' . Thus p(p) can be 
subdivided into many quintersecting subarcs, each intersecting at least five times. 
But none of the intersections can occur while r, runs through A(p), so we can replace 
p(p) by dA(p) in this statement. 

Taking the powers of the Anosov map in the solid torus attachments to be sufficiently 
large, we assume that each curve dA(p) has been subdivided into at least n > 
27rd/(e sinh 5) + 2d quintersecting subarcs. 

By analogy with Definition 5.2, define minimal 5-thin arcs in R to be possibly 
degenerate minimal arcs of length at most 6 with endpoints on dAQ?) and some 
respectively. Such an arc may be collapsed to a single point. Adapting Lemma 5.3 
to this case, R has < 2(k + k')d minimal (5-thin arcs. Suppose that k of these occur 
within the (5-collar of a non-toral curve. 

This leaves at most 2(k + k')d — k subarcs of curves dA(p) which have two or more 
curves r, intersecting their 5-collar. By the appropriate version of Lemma 5.5, every 
other subarc is safe and contributes area e sinh 6 to R. 
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Subdivide each non-toral curve into at least n > lird/ie sinh 5) + 2d subarcs. Over all 
non-toral curves, at most k subarcs fail to contribute area e sinh 6. Combining these 
contributions, 

Area(/?) / lixkd \ ( 2-Kk'd , , 

> . , , + 2M - K + . , ^ + l]id - {2{k + k')d - k) 



e sinh 6 \e sinh 5 J \e sinh 6 

and hence we obtain Area(/?) > 2TT{k + k')d, contradicting Gauss-Bonnet. 

Case B(II) C(S,) PiT = T for some / We may combine the arguments above with 
those explained in Case II of the proof of Theorem 6.2. 

This proves Theorem 7.2 and hence Theorem 7.1. □ 
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